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ABSTRACT

We introduce and study a multiple gcd algorithm that is
a natural extension of the usual Euclid algorithm, and co-
incides with it for two entries; it performs Euclidean divi-
sions, between the largest entry and the second largest en-
try, and then re-orderings. This is the discrete version of a
multidimensional continued fraction algorithm due to Brun.
We perform the average-case analysis of this algorithm, and
prove that the mean number of steps is linear with respect
to the size of the entry. The method relies on dynamical
analysis, and is based on the study of the underlying Brun
dynamical system. The dominant constant of the analysis
is related to the entropy of the system. We also compare
this algorithm to another extension of the Euclid algorithm,
proposed by Knuth, and already analyzed by the authors.
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1. INTRODUCTION.

General Context. We study a multiple ged algorithm
that is a natural extension of the usual Euclid algorithm
for (d 4+ 1) integers, and coincides with it for d = 1. This is
a discrete version of a multidimensional continued fraction
algorithm, that is itself based on a dynamical system, the
Brun dynamical system, described for instance in [6, 12].
The Brun continued fraction algorithm admits various de-
scriptions and appears under various names; it is closely re-
lated to the Podsypanin modified Jacobi—Perron algorithm,
it is also called the d-dimensional Gauss transformation or
the ordered Jacobi—Perron algorithm [7].

This dynamical system belongs to the class of multidimen-
sional unimodular continued fraction algorithms, described
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in [12], which produce simultaneous diophantine approxima-
tions of a real vector. Then, the literature, for instance in
[9, 5], mainly focuses on the convergence of these approxi-
mations, closely related to the Lyapunov exponents of the
underlying dynamical systems. These algorithms have also
important applications to discrete geometry [3].

With each multidimensional continued fraction algorithm, a
ged algorithm may be of course associated. However, the
analysis of such a class of gcd algorithms has not been yet
considered. This is our general project, and we begin by the
BrunGed Algorithm, as it is one of the most “natural” algo-
rithms of this class, and shares many important properties
with the Euclid dynamical system based on the Gauss map.

Main results. We perform the probabilistic analysis of the
BrunGed algorithm. We first focus on the total number of
steps and prove that it is on average linear in the size of the
entries. The dominant constant equals (d + 1)/E; where &4
is the entropy of the Brun dynamical system. This entropy
is not precisely studied in the literature, but there exists
a conjecture in [7] that states that £ is ©(1) for d — oo.
However, we show that &4 is ~ logd for d — oo, so that the
dominant constant for the number of steps grows as d/ log d.

We then compare the BrunGed with another multiple ged al-
gorithm, the P1lainGcd algorithm, described in Knuth’s book
[8], which deals with the classical one-dimensional Euclid
dynamical system. The authors have already analyzed this
algorithm in [4], and prove that the mean number of steps is
also linear in the size of the entries. However, the dominant
constant is independent of the dimension d and equals 2/&1,
where & is the entropy of the Euclid dynamical system. We
conclude that the PlainGcd algorithm is much more efficient
than the BrunGed algorithm, in particular for large d.

We finally explain the inefficiency of the BrunGed algorithm
when d is large: almost all divisions deal with a quotient
equal to 1. Then the main operation performed is not a di-
vision but... a plain subtraction. This is reinforced by the
comparison with the subtractive version of the algorithm,
whose number of steps is proven to be also of linear complex-
ity. This exhibits two strong differences with the classical
Ged algorithm (case d = 1).

Methods. We use here the methods of dynamical anal-
ysis such as developed in [2, 10, 13]: a gcd algorithm is
viewed as a dynamical system, with each iterative step be-
ing a linear fractional transformation. Costs of interest are
then described with Dirichlet generating functions that are
algebraically related to transfer operators of the system. The
main analytical property of these series is the existence of a
dominant pole, which is itself closely related to the existence



of a spectral gap for the corresponding transfer operators.
The asymptotic extraction of coefficients is then achieved by
means of Tauberian theorems.

Plan of the paper. We first introduce the algorithm in
Section 2 and state the main results. Then, we study in Sec-
tion 3 the underlying dynamical system, closely related to
the Brun dynamical system, and we provide a characteriza-
tion of its rational trajectories. The following two sections
perform the dynamical analysis of the algorithm, with its
two steps, the combinatorial step (Section 4) and the ana-
lytic step (Section 5). The paper ends with open problems.

2. THE BRUN GCD ALGORITHM.

We describe the BrunGed algorithm, state the main complex-
ity results, and compare it with the PlainGed algorithm.

2.1 General description.

The algorithm BrunGed(d) computes the ged of (d+ 1) posi-
tive integers. It deals with the input set 4y which gathers
the ordered (d+ 1)-uples u formed with positive and distinct
integer numbers

Q(d> = {u = (U(),ul, ..

During the execution of the algorithm, some components
“disappear” and the algorithm deals with the disjoint union

d—1
Ly = D Qa-s -
£=0

The algorithm BrunGed(d) performs a sequence of steps, and
each step deals with the pair (uo, 1) (that contains the two
largest entries of w) and the list End w which gathers all the
components of u except uo; it divides the first component
uo by the second component u;, and creates a remainder vg
)
Vo ‘= up — mua, m = |—| .
U1

Then, the procedure InsDis (vo,Endu) inserts vo > 0 at a
suitable position inside the list End u, so that the result re-
mains an ordered uple of distinct positive values: the second
component u; becomes the largest one, and there are three
possible cases for the insertion (or not) of vo:

(G) (Generic case) if vg is not present in the list End w, this
is a usual insertion;

(Z) (Zero case) if vo = 0, we do not insert wvo;

(E) (Equality case) if vo # 0 is already present in the list
End uw at position i, we do not insert vg.

In each of the cases (Z) or (E), we do not insert vg, but
we memorize the potential insertion position (in case (E),
we would have inserted vo “in front of” w;). Finally, each
step of the algorithm BrunGed(d) is described by the map
Uy : T'(q)y — T'(q) which associates with u

U(ay(u) = InsDis (uo mod u1,Endu). (1)
The algorithm BrunGed(d) described in the following figure
decomposes into d phases, labelled from ¢ =0 to £ = d — 1.
During each phase, a component is “lost”, and the ¢-th phase,
denoted by BrunGed(4¢), transforms an element of Q4_g)
into an element of 2(4q_,_1). The phase ends as soon as it
meets case (Z), or' case (E), where it looses a component.

IThe (d — 1)-th phase always ends with the case (Z).

.,ud)|uo>u1>u2>...>ud>0}.

The algorithm stops at the end of the (d — 1)-th phase with
an element of ) which equals the ged.

BrunGed(d)

Input : u € Qq)

Ouput: u € N

For / =0to d—1do u:= Gecdg,e(u);

BrunGedq,¢)
Input : u € Q—p)
Repeat u := U (u) until u € Qg_p_1).

2.2 Worst-case behavior.

As will be shown in the long version paper, the worst-case
of the BrunGed algorithm arises when the quotients are the
smallest possible (all equal to 1, except the last one, equal
to 2), and the insertion positions the largest possible. Then,
the best worst-case bound involves an algebraic number 74
which extends to general dimensions the inverse of the Golden
ratio.

PROPOSITION 1. For any fized positive integer d, consider
the smallest real root 74 €]0, 1] of the polynomial 2421,
and, for any integer N, the set of inputs

Q(d,N) = {’LL € Q(d) ‘ ug < N} . (2)

Then the mazimum number Q4 n) of steps of the BrunGed
Algorithm on Q4 Ny satisfies

b

log N N — 00).
| log 74| & ( )

Qa,N) ~
When d — oo, the real 74 satisfies 1/|log1a| ~ (d+1)/logd.

2.3 Probabilistic behavior.

We now describe the precise probabilistic behavior of the
algorithm BrunGecd(d) on the set Qg ny defined in (2).

THEOREM 1. When the algorithm BrunGced acts on the set
Q4,n) endowed with the uniform distribution, the following
holds when d is fized and N tends to co:

(a) The total number Lq of steps and the number My of
steps performed during the first phase satisfies

d+1
EN[Ld] ~ EN[Md] ~ Td . 10gN

and involves the entropy Eq of the underlying Brun dy-
namical system in dimension d.

When d — oo, the entropy Eq satisfies Eq ~ logd.

The number Rq of steps performed during the remain-
der of the execution (after the first phase) has a mean
value that is asymptotic to a constant rq.

(b) Let Oq be the number of quotients equal to 1 during the
first phase. The ratio between the means En[Oq4] and
En[Ma] is asymptotic to a constant pg < 1, that tends
to 1 for d — oo with a speed O(2~ %/ 1°84),

Let ¥4 be the number of steps of the subtractive version
of BrunGed during the first phase. The ratio between
En[X4] and En[Mg4] is asymptotic to a constant od.

2We conjecture the asymptotics og ~ ¢(d/logd) for d — oo.



In (a), the total number of steps Lq is proven to remain
on average linear in the size log N. Moreover, (a) exhibits
a strong difference between the first phase, where most of
the work is done, and the remainder of the execution, where
the total number of steps Ry is on average asymptotically
constant. The PlainGed algorithm exhibits exactly the same
phenomena, as it is shown in [4].

The following figure compares the number of steps of the
BrunGed and the PlainGced algorithms, as a function of di-
mension d, when the binary size is fixed to log, N = 5000.
The complexity of BrunGed algorithm appears to be sublin-
ear with respect to d (see Section 5), whereas the complexity
of the PlainGed algorithm appears to be independent of d.

Comparison PlainGcd/BrunGced in function of the dimension (N is fixed)
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The two dominant constants, the ratio (d + 1)/£q which in-
volves the entropy and intervenes in the average case, and
the ratio 1/|log 74| which arises in the worst-case, both be-
have as d/log d for d — co. This indicates the same behavior
for the algorithm in the average-case and in the worst-case.
As the worst-case is reached when the quotients are all equal
to 1, this seems to indicate that the BrunGed Algorithm deals
with quotients which are very often equal to 1.

This is indeed the case, described in (b), and also illustrated
in the following figure, that exhibits the proportion of quo-
tients equal to 1 during the first phase as a function of the
dimension d. This proportion tends quickly to 1: when
d = 16, more than 99% of the Euclidean divisions are in
fact subtractions and for d = 50, the proportion is 99.99%.
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3. THE UNDERLYING DYNAMICAL SYS-
TEM.

We first describe a continuous extension of the algorithm,
relate it with the Brun dynamical system, and provide an
exact characterization of the trajectories that are related to
the execution of the algorithm.

3.1 Continuous extension of the Gced algorithm.

We now extend the BrunGed(d) algorithm into a continuous

process. We use the projection 7 defined on I'(g) \ {0} as

1
m(u) = —Endu,
Uuo
and the closure of the image 7(I'y) is exactly the disjoint
union Z(4 of simplexes J(4—r) , defined as

J(d,@ ::{:E:(:Ch...,xd,g)|12.’212...2:&1,[20},

and is written as  Z(g) := @Zl;(} J(a—¢y- Now, the map V() :
T(ay = L(q) is defined on each J4_¢) by V(d)(Odfl) =097¢,

and V(g (x) = InsDis ({i} , iEndaf:) for = # 0%7¢
T X1

where InsDis(yo,y) is now extended to Z(gy. The map V(g
provides the extension of the conjugate with the projection
m of the map Uy defined in (1) and used in the BrunGed(d)
algorithm. Indeed, the equality V(4 o m(u) = 7 o Ugg)(u)
leads to the definition of V(4 on the set 7(I'g) which is fur-
ther extended to Z(qy “by continuity”.

The dynamical system (Vi,Z(g)) is closely related to the
usual Brun dynamical system defined on the simplex Jq)
with the transformation T{4) defined by T(4)(0%) = 0%, and

T(a)(x) = Ins ({i} , iEndm) for & # 0%, (3)
X1 X1

where now the map Ins(yo, y) is the usual insertion “in front

of”: it performs as InsDis, without removing zeroes and

equal components, and the cases (Z) and (F) may be gath-

ered into a unique case (ZE). There are now only two cases:

(@) if yo is not present in the list y, this is an usual inser-
tion;

(ZE) if yo is already present in the list y, we insert yo in
front of the block of components equal to yo.

It is clear that Viq) (@) = T(4) () except in case (ZE). Then,
the two dynamical systems coincide “almost everywhere”
and the trajectories which do not meet case (ZE) will be the
same for the two systems. But we are mainly interested in
rational trajectories, and the rational trajectories may meet
case (ZE) and differ in the two systems. For instance, the
two trajectories of the input 7(4,3,2,1) = (3/4,2/4,1/4)
are (the inserted component is in bold):

for Vigy: (3/4,2/4,1/4) — (2/3,1/3) = (1/2,1/3) —

(1/3) = (0)
for Teay: (3/4,2/4,1/4) — (2/3,1/3, 1/3) —
(1/2,1/2,1/2) = (1,1,0) — (1,0,0) — (0,0,0).

However, we will prove in Section 3.3 that a rational tra-
jectory under V{4y —which exactly describes an execution of
the BrunGed(d) algorithm— mainly decomposes into rational
trajectories under T(4_¢). Indeed, except possibly at the end
of each phase, it uses Ins and not InsDis. This is why the
BrunGed algorithm will use, except at the end of each phase,
the Brun dynamical system, which we now describe.

3.2 The Brun dynamical system.

The pair (T(q), J(q)) defines a dynamical system denoted
as D). For any = € J(q), the map T(4) defined in (3)
uses digit (m,j) formed with a quotient m(x) > 1 and



an insertion index j(x) € [1..d]. The set of digits is thus
Aay == N* x [1..d]. We associate with (m, j) the subset
Kam,g) =1{x € Jay | m(x) =m, j(x)=j}.

When (m, j) varies in A(q), the subsets KC(4,y,, ;) form a topo-
logical partition of J(4y, and the restriction T(q,m, ;) of T(q
to K(a,m,;) is a bijection from (4 ;) onto J(4), written as

T(d,m,j) (21, 22,...,24) =

X2 Tj—1 1 Tj41 Xdq
— e, — =M, ..., — | .
T 1 T T1 T

Its inverse is a bijection from J(q) onto K(4,m,;) written as

ham.g) (Y1 -5 yd) =

( 1 Y1 Yi-1 Y1 Yd ) (4)
m+y; mty; T mty mty T mty;
Any inverse branch of the map T\ is called an elementary

inverse branch (or an inverse branch of depth one) and the
set of the elementary inverse branches is then

Hay = {h@my | (m,5) € A} , (5)

whereas the inverse branches of the map T(kd) are said to be
of depth k and belong to the set H](“d). We thus define

H?d,g) = @Hl(cd,g) .

k>0

3.3 Return to the Ged Algorithm

On an input u € Q(g), the execution of the BrunGed(d) algo-
rithm is described by the trajectory of w under the map U
which ends at ged(w). It proves useful to consider one more
step, and now, the trajectory of u under the map U4 ends
at 0. It gives rise to the rational trajectory of the vector
x = 7(u) under V(4), that also ends at 0. This trajectory
uses at each step a branch of the map V(4. And we wish
to precisely describe the set B4y of compositions of inverse
branches of the map V(4) which are possibly used by such
particular trajectories. Then the equality 7(u) = h(0) (for
h € B(g)) gives rise to a bijection between m(£(4)) and B(qy.
Moreover, there is also a bijection between 7(£2(4)) and the
set of coprime inputs

Qg = {u € Q) | ged(u) = 1}, (6)
and thus a bijection between By and Q(d).

We now describe B(q), and first focus, for each £ € [0..d — 1],
on the set P(4_p) used by the part of the trajectory associ-
ated with the /-th phase, when the iterates of w under U(q)
belong to €2(q_s). Then, the iterates of  under V(4 belong
to the simplex Jq—¢). We study in a separate way
(a) the steps of the ¢-phase, which are not the last one,
(b) and the last step of the ¢-phase.

Consider first (a). In this case, such a step does not loose a
component, and only involves a step of type (G). Then, the
trajectory uses branches of the map T{4_s), and each step
uses possibly any inverse branch in the set H 4,y defined in
(5). Hence, the set of the inverse branches used during the
{-phase, except in the final step, is the set sz,g).

Consider (b). Now, a component is lost since the insertion
is not done, and there are two possible cases.

Case (Z). The quotient 1/z1 is equal to an integer m > 2,
the position of potential insertion is j = d — £. The equality

Viay(x) = m - End x holds and the inverse branch associates
with the (d — £ — 1)-uple y the (d — £)-uple
1
—tm = —(L,y) . 7
Za—em)(Y) = — (1,9) (7)

The set Z(4_g) of inverse branches used in case (Z2) is thus
Za-e) = {#@d—t,m) | M > 2}

Case (E). An equality of the form (1/x1) —m = z;/x1 holds

with a quotient m > 1 and a potential insertion position®

j=1—1< d—{. Then, Case (E) cannot occur for £ = d—1.

The equality V(4) () = (Endx)/(1—x;) holds and the inverse

branch associates with the (d — ¢ —1)-uple y the (d — £)-uple

(1,y). (8)

S(d—t,m,5)(Y) = m+y;
The set of inverse branches S¢4_p) used in case (F) is thus
the empty set for £ = d — 1 and

S(d_g) = {S(d—é,m,j) | m>1,7<d-— (} (fOI‘ {<d— 1).

In summary, the set of possible inverse branches used during
the last step of the /-th phase is Fq—_¢) = Sa—e) U Z(a—s).

Finally, we have proven the following.

PROPOSITION 2. The BrunGed(d) algorithm builds a bi-
Jection between the set Q4 of coprime inputs of ay and
the set Biay of inverse branches possibly used by the rational
trajectories of the shift Viqy. This set is written as

B(a) = Py © Pa—1) © ... °Pu) = P(ay © Ba-1)

and involves the sets Piq_y) of inverse branches used by the
BrunGed g ), characterized as

Pa—ey = Hia—e) © Fa—s)-

3.4 Why InsDis rather than Ins ?

We have decided to deal with the set I'(4). We are then led
to use InsDis to stay inside I'(gy. But there is a natural
question: why not dealing with the set I'(= 4) with possible
blocks of equal non-zero components? Then, we could use
Ins and stay inside I'— 4). This defines another algorithm,
the BrunGed—(d) algorithm, whose continuous extension di-
rectly leads to the Brun dynamical system. Even though
the whole path seems more natural, we have to memorize
the position of each block of equal components, and this
leads to a quite involved analogue set B(— 4) that describes
the rational trajectories of the BrunGed—(d) algorithm.

4. DYNAMICAL ANALYSIS (D).

We now begin the analysis of the algorithm, and introduce
the main objects: the class of costs of interest, the (Dirichlet)
generating functions, the generating operators. The main re-
sult of this section (Theorem 2) relates generating functions
and generating operators.

4.1 Additive costs

We consider here costs that are said to be additive. One
begins with a nonnegative elementary cost ¢ defined on each
inverse branch in B4 of depth one. Such a cost is then
extended in an additive way on B4, namely

c(hiohgo---ohy):=>"_ c(hi).

3We recall that we would have inserted “in front of”.




Now, a cost C defined on (4 is said to be additive if it is
associated with such a cost ¢, and satisfies

C(u) := c(h) when 7(u) = h(0).

Then C(u) equals the total cost of ¢ of the trajectory of
m(u) and satisfies C(u) = C(Au) for any integer A # 0.
There are three main additive costs of interest here.

(2) The total number Cqy, of steps during the ¢-th phase
(except the final step), associated with the character-
istic function c of the set H4_s); with the family Cy,
we return to the number of steps mentioned in Theo-
rem 1, as the following relations hold: Lgy = My + Ra

d—1
My=1+Cao, Ra=(d=1)+» Car. (9)
=1

(it) The number Og4 of steps of the first phase with a quo-
tient equal to 1, associated with the characteristic func-

tion ¢ of the subset ’HE d; with quotients equal to 1.

(443) The number X4 of steps of the subtractive algorithm
during the first phase, associated with the cost ¢ which
associates with an inverse branch h of the first phase
its quotient m.

The associated elementary costs deal with a specific phase*:
the £-phase for Cy ¢ and the first phase ¢ = 0 for Mg, Oq4, Rq.
The cost C' is said to be concentrated on this phase.
inverse,

4.2 Dirichlet generating functions.

The (basic) Dirichlet generating function S4)(s), of the in-
put set )4 relative to the length ||u|| := g, is defined as

S ()= 3 fp (10
ueENy

In the same vein, with a cost C': Q(4) — N, we associate the
cumulative generating function of the cost

Sta.c(s Z H =Y n" Y Clu (11)

ueRy n>1 |u||=n

When Q4 n) is endowed with the uniform distribution, the
mean Ex[C] of cost C on Q4 ny is expressed with the coef-
ficients of the cumulative generating function, as

~N[C] = on [S d C)} (12)

1
e[S
where @y [f] is defined as

= Z an when f(s)= %~ (13)

n<N n>1

Here, singularity analysis uses the Delange Tauberian The-
orem (stated in Section 5) which relates the asymptotics of
the coefficients of a generating function to the nature and
the position of its dominant singularity. Then, we need an
alternative expression of the series which highlights the sin-
gularities. Such an expression exists for the series S(4)(s),

Swls) =2 3 —(n-1)m-2)...
n>d+1

(n—d).

4except with its final step

As its “dominant” series is (1/d!){(s — d), the series S(q)(s)
has a dominant simple pole at s = d + 1 with residue 1/d!.
However, such a “dominant” behavior is not known for the
other Dirichlet series. The remaining of the paper is devoted
to this task and is based on the dynamical analysis approach
where generating functions are expressed with generating
transfer operators. For this aim, we introduce an interme-
diate tool, the Dirichlet (bivariate) generating function,

wC
||ll*
whose derivative is related to the cumulative generating func-

tion: the relation §(d,c) =
functional A defined as

Sw,c)(s,w) := (14)

uey

A[S(4,c)] holds and involves the

A[A](s) :== B%A(s,w) ey’ (15)
As we wish to use the bijection described in Proposition 2,
we also introduce the three underlined series that are the
exact counterparts of series defined in (10), (11), (14), now
with respect to the set Q<d) of coprime inputs. As C is an
additive cost, the non-underlined series are related to their
underlined conterparts as

S(d)(s) _ S(d7c)(s,w) _ §(dyc)(s)
S Sue)(sw)  Sye(s)

4.3 Generating operators

Let G be a set of inverse branches; we say that h is a factor
of G if h is a factor of an element of G, and we denote this
situation as h o< G. In the same vein, a set H is said to be a
factor of G if each element of H is a factor of G, and this will
be denoted as H «x G. We will consider in the sequel factors
of B(qy. The following easy result is central in this work.

=((s)- (16)

LEMMA 1. Any inverse branch h o« Bg is a linear frac-
tional transformation (LFT), and any factor of Pa—e can

b L(Nl[h],Ng[h},...,zvd,g[h]) :

be written as D]

where the denominator D[h] and the numerators N;[h] are
co-prime affine functions. When h € He—y), its Jacobian
J[h] is related to the denominator DI[h] as

Jh] = D[R]~ (17)

The proof (by recurrence on the depth of h) begins with the
expression of the branches of depth 1 given in (4),(7),(8).

Transfer operators are central tools for studying probabilis-
tic properties of trajectories in dynamical systems; see e.g.
[2, 10, 13]. Here, we adapt these tools to our needs, strongly
use the fact that inverse branches are LFT, and also con-
sider an additive cost c. It proves useful to deal with two
parameters s and w, and we define the generating operator
G, ,[c],(ry Of the inverse branch h oc B(g) as

G w (e, ) [f1(2) =
Then, the operator may be extended for a subset G o B(q),

ZGsw (e, (R 5

heg

DIR](@)|~* w™ f o ().

via the equality G w,[q],(g)

and the following relation is valid for disjoint factors of B(q)



Gs,w,[c],<gl+92> = Gs,w,[c],(gl) + Gs,w,[c],(Qg) .
If now Gi1 and G2 may be composed and satisfy (G1 o0 G2) x
B(q), multiplicative properties of the denominator, together
with additive properties of the cost, entail the equality

Gis,u,[e1,(G1002) = Gis,w el (G2) © Gis,ulel,(61) -
Then, there exists a “dynamical” dictionary similar to the
analytic combinatorics dictionary. In particular, when G*
B(a), the generating operator of G* is the quasi-inverse

-1

G leg%) = (I = G ld.(6))

When G coincides with the set H4—_s o< By of inverse
branches of the Brun dynamical system D_g), then the
generating operator Gs,w,[clym(d%)) is closely related to the
(usual) weighted transfer operator H, ., (¢, (a—¢) Of the Brun
dynamical system D(4_p) defined by

H. . o.@-olfl(@) = >  Jhl(=

hE’H(d,[)

)*w™ foh(x), (18)

and, with the scale change of (17), we will obtain (19).

With Proposition 2, this yields the following characteriza-
tion of the generating operator of the set B4y used by the
BrunGcd(d) algorithm.

PROPOSITION 3. Let ¢ be an additive cost on the set B(q.
(a) The generating operator B (o) (a) of the set Bg) used
by the BrunGed(d) algorithm decomposes as

B, w,le),(d) = Psu,[e1,(1) © Psyw,[e],2) © - 0 P, le] (d) 5

and involves the sequence of generating operators P ], (d—¢)
of the set Pq_sy used by the BrunGed g ¢y algorithm. It then
satisfies the recurrence relation

Bsw,lel,(a) = Bs,
(b) Each operator P ., [c],(a—e) involves the quasi-inverse of
the generating operator Gy (¢, (a—¢) of the set Hq_g and
the generating operator F y [c],(a—e) associated with the final
set Fa—eg) of the L-th phase, and is equal to

w,lel,(d—1) © P w[c],(a)-

-1
Py w e, (d—0) = Fsw,e,(a-0) © (I — Gsw,[c],(a-0))

(c) The generating operator G (o] (a—¢) Of the set H gy is

closely related to the (weighted) transfer operator H ., (e, (a—e)
of the dynamical system D(q_gy defined in (18) via the change

of scale s — s/(d — £+ 1), namely

19)

G w,ld,(d—0) = Hg/(d—t41),w,[c],(d—0) - (
Remark. It proves also useful to deal with the plain (un-

weighted) operator G, (g
defined in an analogue way as for series as

Gy =2 Gamy  Gagy = c(h)Gomy, (20)
heg heg

with G (ny[f](z) := |D[h](z)|~* f o h(x).

These two operators are related to the weighted operator
relative to any cost c via the equality

G (9) = Gs1,e),(9) G [e,0) = Alw = Gy w0, (0] -

4.4 Useful expressions for generating functions.

The following result is one of the key ingredients of the pa-
per. It is typical in dynamical analysis as it relates generat-
ing functions and generating operators.

y, and the cumulative operator G (g)

THEOREM 2. Consider the BrunGed(d) algorithm acting
on the set Qqy, together with an additive cost C, related to
some elementary cost c. Then, the three following relations
hold between

(i) the three generating functions relative to cost C, de-
fined in (10),(11),(14),

(it) the three analogous generating operators of the set Ba,
e., the bivariate one defined in Proposition 3 and the
other two defined in (20)

S0y (s, w) = ¢(8) - By e, [1](0),
Sy(s) = ((s) - Bs 1,10,y [1](0),
). B

§(d,C)( ) = C(s) - By e, [1](0) -

The proof is indeed quite short. Let h € B(q)

m(u) = (Eﬂﬂ) = h(0)

uop Uo U

. The equalitiy

together with gcd(u) = 1 proves that the denominator of the
LFT h satisfies | D[h](0)| = uo. Moreover, as C is an additive
cost associated with cost ¢, the equality C(u) = c(h) holds.
Now, the bijection between (2, and the set By, together
with Eq. (16), entail the relations

wC @
Sta,c)(s,w) = C(s) - Sgey(s) = C(s) - D w
u€L(a)

w™ [D[R](0)|™* = ¢(s) - Byu,je),alL](0).

={(s) Y.

heB(q)

4.5 Derivatives of quasi-inverses.

When the cost C is concentrated on the phase ¢, the func-
tional A defined in (15) is applied to the quasi-inverse (I —
Gsyw,[c],(k))fl with &k = d — £. This produces two (plain)
quasi-inverses and a middle operator (which depends on the
cost ¢). Now, via (19), we return to the operator H defined
n (18), with the scale-change t = s/(k + 1), and obtain

A[w — (I — Gg w,[c] (k))il]
= (I —Hy ) "o HY o (I =Hy )™,
where the “middle” operator is a weighted operator

H c(h) - J)"- foh.

t(k)[f] = Z

heH (k)

The (plain) quasi-inverses will play a central role in the anal-
ysis, whereas the middle operators® and the end-of-phase
operators will only play a secondary role. We will now focus
on the quasi-inverses of the transfer operators and denote

Qi (t) := (I —Hy 1)) " (21)

The plain Dirichlet series involves one quasi-inverse for each
phase, whereas the cumulative Dirichlet series relative to a
cost C concentrated on the ¢-th phase involves two quasi-
inverses for the ¢-th phase, and only one for each other phase.
This is now precisely stated:

PROPOSITION 4. Associate with ¢ € [0..d — 1] the scale
change t¢ : s — s/(d — €+ 1). Then the following holds:

5except ford=1



(a) The plain Dirichlet series S(q(s) involves a unique quasi-
inverse Qa—g)(te) for each phase of index ¢ € [0..d — 1].

(b) If C is L-concentrated, the cumulative series §<d’c) of cost
C involves one quasi-inverse Qa—g)(ta—r) for each phase of
index k # € and a “double” quasi-inverse Q?dié)(tdfl) for
the £-th phase.

This ends the first part of our analysis, of a combinatorial
nature. We now begin the second part of our analysis, of an
analytic nature.

S. DYNAMICAL ANALYSIS (1)

We now return to the proof of Theorem 1. With (12) and
(13), we know that the mean values of interest are related
to coefficients of Dirichlet series, plain or cumulative ones.
With the Delange Tauberian theorem, stated in Section 5.3,
we know how to relate the asymptotic behavior of coeffi-
cients with singularities of the Dirichlet series. We then have
now to study the Dirichlet series, from an analytic point of
view, and discover their singularities. With Proposition 4,
their singularities are brought by quasi-inverses. This is why
we begin by studying the quasi-inverse in Section 5.1, and
then apply this study to the Dirichlet series in Section 5.2.

5.1 Properties of quasi-inverses.

Consider an index k € [1..d]. The transfer operator Hy )
acts on the space C! (Jwy)- It is quasi-compact and the dom-
inant part of its spectrum is discrete. Furthermore, as the
operator H; (1) is the density transformer of the system for
t = 1, the value 1 belongs to the spectrum, and as the sys-
tem is ergodic [12], this is its unique dominant eigenvalue.
The dominant eigenfunction is explicitly known (see [1])

k
1
Yi(@) E : H T+ 2,0+ To@) + ...+ Zo 22

ceBG i=1

and involves the set &, of permutations on [1..k]. The quasi-
compacity of the operator together with perturbation theory
entails the existence of a spectral decomposition

Hy ) = A (D) A4 + Ky

on a neighborhood of ¢ = 1 that involves the dominant
eigenvalue A(g)(t), the projection A, k) on the dominant
eigenspace, and a “remainder” operator K (x) whose spec-
tral radius is strictly smaller than |A()(t)|. Then, the rela-
tion Ay () 0 Ky (1) = Ky, (1) 0 A¢, k) = 0 leads to the spectral
decomposition for the quasi-inverse

A (1)
Q) =1 Ay (£)
Thus, the quasi-inverse has a pole at t = 1, with a residue
which involves in particular the entropy € = —A{,(1). Fur-
thermore, as the inverse branches are LFT’s, there is an ape-
riodicity property that entails that ¢ — Qgy(t) is analytic
on the punctured vertical line {f*¢t =1, ¢ # 1}.

Letting now k := d — ¢, and using for each phase of index ¢
the scale change ty = s/(d— £+ 1), we describe the behavior
of the quasi inverse s — Qa—g)(te)-

Aoy +(I-Koa) '

PROPOSITION 5. Consider for £ € [0..d—1] the scale change
s+ s/(d—L+1). Then, the quasi-inverse s — Qqa_g)(te)

relative to the £-th phase is analytic on the punctured half-
plane {Rs > d— L€+ 1,s # d — €+ 1} and admits a simple
pole at s =d — £+ 1, with a residue T4y defined as

d—f0+1 _
= + La_elf] Ya—e
)

which involves the entropy &, the integral I, on the simplex
Ty and the constant K := I[t].

T-nlf] = (23)

)
KRd—¢

5.2 Analytic properties of Dirichlet series.

We now return to the number of steps that the BrunGed al-
gorithm performs during its various phases. With Theorem
2, Propositions 4, 5, and Eq. (9), we describe the analytic
properties of the Dirichlet series of interest.

PROPOSITION 6. Consider the BrunGed algorithm when
acting on gy, together with the total number Lq of steps,
the number My of steps in the first phase, the number Oq4 of
quotients equal to 1 during the first phase, the number 34 of
subtractive steps during the first phase and the number Rg4
of steps in the following phases. Associate the siz Dirich-
let generating functions of interest, namely, the plain series
and the five cumulative series relative with number of steps
La, Mg,04,%4, Rqa. The following holds:

(a) The siz series are analytic in the punctured half-plane
{Rs>d+1,s#d+1}.

(b) The plain series and the cumulative series relative to
R4 admit a simple pole at s = d + 1. Their residues
are denoted as Ty and rqoTa, with Tq = T (4)[1](0).

(¢) The cumulative series relative to Mg, 04,34 and Lq
admit a pole of order 2 at s = d+1, and their dominant
constants Dom are expressed with the residue Ty and
three other constants ad, pa,cd. One has:

Dom[L4] = Dom[My4] = aq Ty,

Dom[Od] =aqpdTa, Dom[Zd] =aqoqly.

The constants aq, pa and oq involve the entropy Eq4
and the constant kq(y), defined in (24),

41 ka(1/2) Ly (%) .

aq = ) pd:1_77 0d =
m>1

gd Kd

5.3 Extraction of coefficients.

It remains to relate the asymptotics of the coefficients of the
Dirichlet series and their dominant singularities, and this is
done via the Delange Tauberian Theorem.

THEOREM 3  (DELANGE). Foro > 0, consider a Dirich-
let series S(s) with non-negative coefficients which converges
for Rs > 0. Assume that the following holds:

(2) S(s) is analytic on Rs = 0,5 # 0;

(ii) near o, S(s) satisfies S(s) = A(s)/(s — o))" where A
is analytic in o, A(o) #0 and v > 0.

Then as N — oo, the following asymptotics holds

A(o)

N°(log N)?, for ®n defined in (13).

With Proposition 6, all the Dirichlet series of interest sat-
isfy the hypotheses of the Delange Tauberian Theorem with
o = d + 1, the series of (b) with v = 0 and the series of (c)



with v = 1. With Eq. (12), the mean value of any cost C
of interest equals a ratio whose numerator and denomina-
tor can be estimated with the Delange Tauberian Theorem.
This concludes the proof of Theorem 1, and the main con-
stants involved are constants rq4, aq, pd, cq. We do not know
much about the asymptotics of r4, but we now focus on the
asymptotics of the other constants a4, pa, o4 for d — co.

5.4 The main constants of the analysis.

Except for d = 1 and d = 2, the values of the volume con-
stant kg and the entropy £; are not known, as well as their
dependency with respect to dimension d. We deal with the
simplex yJ(q), for y € [0,1], and introduce the function

)= [ e [ eimia @

1 1
T T

Note that kq = kq(1). The ratio xq(y)/ka is central, because
it coincides with the limit probability that a quotient m of
the Brun system in dimension d be larger than 1/y.

The following result provides two new (and important) es-
timates: the first one contradicts a conjecture of Hardcastle
and Khanin [7] which states that the entropy is asymptot-
ically constant. The second one describes (for d — oo) the
limit distribution of the quotients in the Brun system.

with  ¢q(x)

PROPOSITION 7. The constant kq(y) and the entropy Eq
are expressed as one-dimensional integrals:

ki) =gy [ B, s = [T

v
1 oo _—u
Eq=(d+ 1)/ 1 kaly) dy = ﬂ/ € B(u)du.
o Y Kd 0

T d kg u

The following estimates hold for d — oo and y €]0, 1] fized:

%(y) — y(1m9d/lerd o g g (25)
d

Eq ~logd,

The complete proof will be given in the long version paper.
We describe here the main ideas. The integral expression for
ka(y) is obtained via the Laplace transform. The expression
of the entropy is obtained via the Rohlin formula. As each
integral expression involves a large power of the function 3,
a method of Laplace type asymptotically compares such an
integral to the maximum value of the integrand.

The following figure compares the theoretical curve &5 =
log d with experimental values of £&; which are obtained via
the number of steps during the first phase.

Entropy in function of the dimension

T T T T
experiment —+—
ni

entropy

O B N W A U O N © ©
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0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
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6. CONCLUSION AND OPEN PROBLEMS

We have precisely used the Brun underlying dynamical sys-
tem to describe the probabilistic behaviour of the BrunGecd
algorithm. We have studied the asymptotics (for d — co) of
the main constants that intervene in the analysis and also
confirmed with experiments the main results of the analy-
sis. We conclude that the BrunGed algorithm is not efficient.
This is probably the case for all the ged algorithms which are
based on multidimensional continued fraction algorithms.

Nevertheless, it would be interesting to study other costs
such as the bit-complexity as in [10] or perform a distri-
butional analysis; in this case, we need to extend to higher
dimensions the approach that was conducted in [2] for d = 1.

We also wish to use our good knowledge of the Brun rational
trajectories obtained through dynamical analysis, in order to
study simultaneous approximations associated with rational
vectors, which corresponds to the real algorithmic situation.

Finally, it would be interesting to analyze the extended gcd
algorithm based on the LLL algorithm and described in [11],
even if its underlying system is quite complex to deal with.
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